The Strong Interaction Model in DFR noncommutative space-time by Abreu, Everton M. C. & Neves, M. J.
ar
X
iv
:1
61
2.
06
65
9v
1 
 [h
ep
-th
]  
20
 D
ec
 20
16
The Strong Interaction Model in DFR
noncommutative space-time
Everton M. C. Abreu1, 2, ∗ and M. J. Neves1, †
1Grupo de F´ısica Teo´rica e Matema´tica F´ısica,
Departamento de F´ısica, Universidade Federal Rural do Rio de Janeiro,
23890-971, Serope´dica - RJ, Brasil
2Departamento de F´ısica, Universidade Federal de Juiz de Fora,
36036-330, Juiz de Fora - MG, Brasil
(Dated: April 10, 2018)
Abstract
The Doplicher-Fredenhagen-Roberts (DFR) framework for noncommutative (NC) space-times
is considered as an alternative approach to describe the physics of quantum gravity. In this for-
malism, the NC parameter, i.e. θµν , is promoted to a coordinate of a new extended space-time.
Consequently, we can construct a Field Theory in a space-time with spatial extra-dimensions.
This new coordinate has a canonical momentum associated, where the effects of a new physics
point of view can emerge in the fields propagation along the extra-dimension. In this paper
we have introduced the gauge invariance in the DFR NC space-time by the composite sym-
metry U⋆(N) × U⋆(N). We have constructed the non-Abelian gauge symmetry based on DFR
formalism, and we analyzed the consequences of this symmetry in the presence of such extra-
dimensions. The gauge symmetry in this DFR scenario can reveal new gauge fields attached to
θ-extra-dimension. As an application, we have accomplished the unification of Strong Interac-
tion with the electromagnetism and a Higgs model to give masses to the NC bosons. We have
estimated their masses by using some experimental constraints of QCD.
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1
2I. INTRODUCTION
The inconvenience of having infinities that destroy the final results of several calcu-
lations in QFT have motivated theoretical physicists to ask if a continuum space-time
would be really necessary. The alternative would be to construct a discrete space-time
with a noncommutative (NC) algebra, where the position coordinates are proportional to
operators Xˆµ (µ = 0, 1, 2, 3) and they must satisfy the commutation relations[
Xˆµ , Xˆν
]
= i ℓ θµν 1ˆl , (1)
where ℓ is a length parameter, θµν is an anti-symmetric constant matrix and 1ˆl, the identity
operator. Putting these ideas all together, Snyder [1] published the first work considering
the space-time as being a NC one. However, Yang [2] demonstrated that Snyder’s hopes
about the disappearance of the infinities were not achieved by noncommutativity. This
fact has doomed Snyder NC theory to years of ostracism. After the string theory im-
portant result that the algebra obtained from the case of a string theory embedded in a
magnetic background is NC, a new wave concerning noncommutativity was rekindle [3].
In current days, the NC approach is also a subject discussed at the quantum gravity level
[4, 5].
One of the paths of introducing noncommutativity is through the Moyal-Weyl (or star)
product where the NC parameter, i.e. θµν , is an anti-symmetric constant. However, at
superior orders of calculations, the Moyal-Weyl product turns out to be highly nonlocal.
This fact has lead us to work with low orders in θµν . Although it maintains the transla-
tional invariance, the Lorentz symmetry is not preserved [6]. For example, in the case of
the hydrogen atom, it breaks the rotational symmetry of the model, which removes the
degeneracy of the energy levels [7].
One way to heal this problem was introduced by Doplicher, Fredenhagen and Roberts
(DFR) which have promoted the parameter θµν to the role of an ordinary coordinate of the
system [8, 9]. This so-called extended and new NC space-time has ten dimensions: four
relative to Minkowski space-time ordinary positions and six relative to θ-space. Recently,
in [10] the authors have conjectured to construct a DFR space-time extension, introducing
the conjugate canonical momentum associated with θµν [11] (for a review, the reader can
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see [12]). This new framework would be characterized by a field theory constructed in
a space-time with extra-dimensions (4 + 6). Besides, it would not need necessarily the
presence of a length scale ℓ localized into the six dimensions of the θ-space where, from
(1) we can see that θµν would have dimension of length-square (a kind of Planck area),
when we make ℓ = 1. The length scale can be introduced directly in the algebra, and
taking the limit with no such scale, the usual algebra of the commutative space-time is
recovered. Besides the Lorentz invariance was also recovered, and obviously we hope that
causality aspects in QFT in this (x+ θ) space-time must be preserved too, in such way
that, the retarded and causal Green’s functions of the DFR model are discussed in details
in [13].
In this approach, as we have said, the parameter θµν is also promoted to a position
operator, say θˆµν , that participate of the algebra, and it is an observable of the space-time.
In several recent works [11, 14–17], a new version of NC quantum mechanics (NCQM)
were introduced, where not only the coordinates xµ and their canonical momenta pµ are
considered as operators in a Hilbert space H, but also the objects of noncommutativity
θµν and their canonical conjugate momenta πµν . All these operators belong to the same
algebra and have the same hierarchical level, introducing a minimal canonical extension
of DFR formalism. This enlargement of the usual set of Hilbert space operators allows the
theory to be invariant under the rotation group SO(D), as showed in detail in Ref. [11, 16],
when the treatment is a non relativistic one. Rotation invariance in a non relativistic
theory is fundamental if one intends to describe any physical system in a consistent way.
It was demonstrated in a precise way that in fact the DFR formalism has a momentum
associated with θµν . In the present work we essentially consider the second quantization
of the model discussed in Ref [14], showing that the extended Poincare´ symmetry here
is generated via generalized Heisenberg relations, giving the same algebra displayed in
[14, 15]. The NC path integral approach and the expectation values of quantum measures
are developed in [17].
Although we have constructed a NC DFR Klein-Gordon equation [18] with a source
term, an effective action using the Green functions was completely calculated in [13].
The DFR NC model of scalar field with star self-interaction ⋆φ4 was proposed in order
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to investigate the divergences at the one loop. It has revealed that at the one loop
order, the ultraviolet/infrared divergence mixing phenomena does not emerge in the DFR
scalar model ⋆φ4, for more details, see [19]. Posteriorly, the Field Theory formulation has
inspired to study the gauge symmetry in the DFR context when the Dirac/scalar actions
are putted under local symmetry [20]. Following these steps, the composed symmetry
U⋆(N) × U⋆(N) is the group structure that describes the Yang-Mills scenario in NC
DFR space-time. As consequence, the bosons family is enlarged in relation to usual
commutative Yang-Mills model. The immediate application is the version of Glashow-
Salam-Weinberg model by the symmetry U⋆(2)×U⋆(1)×U⋆(2)×U⋆(1) whose the extended
Higgs sector gives masses for the new bosons. We estimated these masses using some
experimental constraints at the Z0 mass, for more details, see [20]. In this paper, we
discuss with more details the extended Yang-Mills symmetry U⋆(N) × U⋆(N), and as
application, we propose the unification of Strong Interaction with the electromagnetism
DFR through the model U⋆(3)×U⋆(1)×U⋆(3)×U⋆(1) . We also introduce a Higgs sector
to give masses to some bosons by getting the final symmetry SU ⋆c (3)× U⋆(1)em.
The organization of the present paper follows that in section II we have described the
DFR formalism. In section III we have analyzed the charged Klein-Gordon and Dirac
equations and their actions. We have introduced new forms and constructions concerning
the Gamma matrices in DFR formalism. These new constructions complement those ones
given in [16]. In section IV we study the local gauge symmetry U⋆(N)×U⋆(N). In section
V we have dealt with the particular case U⋆em(1) = U
⋆(1)×U⋆(1) that describes the DFR
quantum electrodynamics. In section VI we propose the model U⋆(3)× U⋆(1)× U⋆(3)×
U⋆(1) as the unification of Strong Interaction with electromagnetism. In section VII we
construct a Higgs sector to give masses for the NC bosons, and so the enlarged symmetry
is reduced to SU⋆c (3)× U⋆em(1). In section VIII we estimate the bosons masses using the
interactions of the model and some experimental constraints of QCD. The conclusions
and perspectives for future works, as always, are depicted in the final section.
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II. THE DFR ALGEBRA IN A NUTSHELL
In this section, we will construct a NC model based on the one published in [11, 14–
16, 21]. Namely, we will revisit the basics of the quantum field theory like those defined
DFR space. The spatial coordinates of θµν are promoted to quantum observable Θˆij in
the commutation relation (1), so the spatial non-commutativity is given by[
Xˆ i , Xˆj
]
= i Θˆij , (2)
while the time operator does commute with spatial operator usually[
Xˆ0 , Xˆ i
]
= 0 . (3)
By convenience, we use the dual operator of Θˆij as our NC coordinate Θˆij = ǫ ijk Θˆk.
Moreover there exist the canonical conjugate momenta operator Kˆij = ǫ ijk Kˆk associated1
with the operator Θˆij , and they must satisfy the commutation relation[
Θˆi , Kˆj
]
= i δij 1ˆl . (4)
In order to obtain consistency we can write that [11][
Xˆµ , Pˆ ν
]
= i ηµν 1ˆl ,
[
Pˆ µ , Pˆ ν
]
= 0 ,
[
Θˆij , Pˆ ρ
]
= 0 ,[
Pˆ µ , Kˆij
]
= 0 ,
[
Xˆ i , Kˆjk
]
= − i
4
δij Pˆ k +
i
4
δik Pˆ j , (5)
and these relations complete the DFR extended algebra2. The uncertainty principle from
(1) is modified by
∆Xˆ i∆Xˆj ≃ 〈Θˆij〉 , (6)
where the expected value of the operator Θˆ is related to the fluctuation position of the
particles, an it has dimension of length-squared.
The last commutation relation in Eq. (5) suggests that the shifted coordinate operator
[7, 22–26]
ξˆi = Xˆ i +
1
2
Θˆij Pˆ j , (7)
1 The standard notation to represent the momentum is πµν but, for future to-avoid-confusion conve-
nience, we will use from now on, Kˆµν .
2 Here we have adopted that c = ~ = ℓ = 1, where the θ-coordinate has area dimension.
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commutes with Kˆij . The commutation relation (2) also commutes with Θˆij and ξˆi, and
satisfies a non trivial commutation relation with Pˆ µ dependent objects, which could be
derived from [
ξˆµ , Pˆ ν
]
= i ηµν 1ˆl ,
[
ξˆµ , ξˆν
]
= 0 , (8)
and we can note that the property Pˆµ ξˆ
µ = Pˆµ Xˆ
µ is easily verified. Hence, we can see
from these both equations that the shifted coordinated operator (7) allows us to recover
the commutativity. So, differently from Xˆ i, we can say that ξˆi forms a basis in Hilbert
space.
The Lorentz generator group is
Mˆµν = ξˆµ Pˆν − ξˆν Pˆµ + Θˆνρ Kˆρµ − Θˆµρ Kˆρν , (9)
and from (5) we can write the generators for translations as Pˆµ −→ i ∂µ. With these
ingredients it is easy to construct the commutation relations[
Pˆµ , Pˆν
]
= 0 ,[
Mˆµν , Pˆρ
]
= i
(
ηµρ Pˆν − ηνρ Pˆµ
)
,[
Mˆµν , Mˆρσ
]
= i
(
ηµσ Mˆρν − ηνσ Mˆρµ − ηµρ Mˆσν + ηνρ Mˆσµ
)
, (10)
which closes the proper algebra. We can say that Pˆµ and Mˆµν are the DFR algebra
generators.
Therefore, we have the structure of a plane space-time 4D NC attached to a extra-
dimensional 3D of spatial coordinates {θi} compactified in a sphere S2 whose ratio to
the square is conjectured by the length scale of the non-commutativity. We construct the
measure of this space-time by means of the line element
ds2 = ηµν dx
µ dxν +
e−
θ 2
1
4λ4
λ2
(dθ1)
2 +
e−
θ 2
2
4λ4
λ2
(dθ2)
2 +
e−
θ 2
3
4λ4
λ2
(dθ3)
2 , (11)
where ηµν = diag(1,−1,−1,−1) is the usual Minkowski metric. The sector of extra-
dimension is compactified by gaussian functions that maintain the isotropy of the θ-space.
Here we get a matrix 7× 7 as the metric of space-time 4 + 3
g = diag
(
1 , −1 , −1 , −1 , e−
θ 2
1
4λ4 , e−
θ 2
2
4λ4 , e−
θ 2
3
4λ4
)
. (12)
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It is immediate that the limit λ → 0, the line element becomes the usual Minkowski
space-time by the identity
lim
λ→0
e−
θ 2i
4λ4
λ2
= δ3
(
θ 2i
)
, (13)
so the θ-part in (12) is null, i. e., δ (θ 2i ) dθ
2
i = 0. Thus, we obtain
lim
λ→0
ds2 = ηµν dx
µ dxν . (14)
An important point in DFR algebra issue is that the Weyl representation of NC oper-
ators obeying the commutation relations keeps the usual form of the Moyal product. In
this case, the Weyl map is represented by
Wˆ(f)(Xˆ, Θˆ) =
∫
d4p
(2π)4
d3k
(2πλ−2)3
f˜(p, k) ei pµXˆ
µ+ ik · Θˆ . (15)
The Weyl symbol provides a map from the operator algebra to the functions algebra
equipped with a star-product, via the Weyl-Moyal correspondence
fˆ(Xˆ, Θˆ) gˆ(Xˆ, Θˆ) ←→ f(x, θ) ⋆ g(x, θ) , (16)
where the star-product ⋆ is defined by
f(x, θ) ⋆ g(x, θ) = e
i
2
θij∂i∂
′
jf(x, θ) g(x′, θ)
∣∣∣
x′=x
, (17)
for any arbitrary functions f and g of the coordinates (xµ, θij). Namely, in both sides of
Eq. (17) we have that f and g are NC objects since they depend on θij .
Another important ingredient is the so-called function W , which is a θ-integration
measure that we have introduced by the geometry of the space-time 4 + 7 dimensions.
This weight function is introduced in the context of NC field theory to control divergences
of the integration in the θ-space [10, 27, 29, 30]. Theoretically speaking, it would permit
us to work with series expansions in θ, i.e., with truncated power series expansion of
functions of θ. For any large θi it falls to zero quickly so that all integrals are well defined,
in its definitions the normalization condition was assumed when integrated in the θ-space.
The function W should be an even function of θ, that is, W (−θ) = W (θ) which implies
that an integration in θ-space be isotropic. All the properties involving the W -function
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can be seen in details in [10, 27, 29, 30]. However, we have to say that the role of the W -
function in NC issues is not altogether clear among the NC community. By the definition
of the Moyal product (17) it is trivial to obtain the property∫
d4x d3θ W (θ) f(x, θ) ⋆ g(x, θ) =
∫
d4x d3θ W (θ) f(x, θ) g(x, θ) . (18)
The physical interpretation of the average of the components of θij , i.e. 〈θ2〉, is the
definition of the NC energy scale [27]
ΛNC =
(
12
〈θ2〉
)1/4
=
1
λ
, (19)
where λ is the fundamental length scale that appears in the Klein-Gordon (KG) equation
(23) and in the dispersion relation (27) just below. This approach has the advantage of
being unnecessary in order to specify the form of the function W , at least for lowest-order
processes. The study of Lorentz-invariant NC QED, as Bhabha scattering, dilepton and
diphoton production to LEP data led the authors of [28, 29] to determine the bound
ΛNC > 160 GeV 95% C.L. . (20)
III. FIELD THEORY IN DFR SPACE: KLEIN-GORDON AND DIRAC EQUA-
TIONS
The first element of the algebra (10) that commutes with all the others generators Pˆ µ
and Mˆµν is given by
Cˆ1 = Pˆµ Pˆ
µ − λ
2
2
Kˆi Kˆi . (21)
This is the first Casimir operator of the algebra (10). Using the coordinate representation,
the operators Pˆ µ and Kˆi can be written in terms of the derivatives
Pˆµ 7−→ i ∂µ and Kˆi 7−→ i ∂
∂θi
= i ∂θi , (22)
and consequently, the first Casimir operator in the on-shell condition leads us to the KG
equation in DFR space concerning the scalar field φ
(
✷+ λ2✷θ +m
2
)
φ(x, θ) = 0 , (23)
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where we have defined the D’Alembertian θ-operator
✷θ =
1
2
∂ij ∂ij =
1
2
ǫijk ∂θk ǫijl ∂θl = ∂θk ∂θk =
−→∇ 2θ , (24)
and
−→∇θ means the θ-gradient operator. The plane wave general solution for the DFR KG
equation is the Fourier integral
φ( x , ~θ ) =
∫
d4p
(2π)4
d3~k
(2πλ−2)3
φ˜( p , ~k ) ei ( pµ x
µ+~k · ~θ ) . (25)
The length λ−2 is introduced conveniently in the k-integration to maintain the field di-
mension as being length inverse. Consequently, the k-integration keeps dimensionless.
Substituting the wave plane solution (25), we obtain the invariant mass
p2 − λ2 ~k 2 = m2 , (26)
where λ is the parameter with length dimension defined before, it is a Planck-type length.
Thus we obtain the DFR dispersion relation
ω( ~p , ~k ) =
√
~p 2 + λ2 ~k 2 +m2 . (27)
It is easy to see that, using the limit λ → 0 in Eqs. (23)-(27) we can recover the
commutative expression [13].
Since we have constructed the NC KG equation, we will now show its relative action.
We will use the definition of the Moyal-product (17) to write the action for a free complex
scalar field in DFR scenario as being
SKG(φ
∗, φ) =
∫
d4x d3θW (θ)
(
∂µφ
∗ ⋆ ∂µφ+ λ2 ∂θiφ∗ ⋆ ∂θiφ−m2 φ∗ ⋆ φ
)
, (28)
and using the identity (18), this free action can be reduced to the usual one
SKG(φ
∗, φ) =
∫
d4x d3θW (θ)
(
|∂µφ|2 + λ2 |−→∇θφ|2 −m2 |φ|2
)
. (29)
where all the products are the usual ones.
It is easy to show that the DFR Dirac equation can be deduced from the square root
of the DFR KG equation, so we can write the field equation [15](
i /∂ +
iλ
2
Γij ∂ij −m 1l
)
Ψ(x, θ) = 0 , (30)
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where /∂ := γµ∂µ, and γ
µ’s are the ordinary Dirac matrices that satisfy the usual relation
{ γµ , γν } = 2 ηµν . (31)
The matrices Γij are three matrices 4 × 4 which, by construction, they must be anti-
symmetric, i.e., Γij = −Γij . We can write the matrices Γij in terms of Dirac matrices-γ
by means of the commutation relation
Γij :=
i
2
[ γi , γj ] = σij = ǫijk Σk , (32)
where we can show that the anti-commutation relations are given by
{
γ0 , Γjk
}
= 0 ,{
γi , Γjk
}
= i δik γj − i δij γk + Γij γk − Γik γj ,{
Γij , Γkl
}
= γk γi δkl + γl γj δik − γλ γi δjk − γk γj δil , (33)
and the hermiticity property of Γij is the same as γ
µ, i.e., (Γij)
† = γ0 Γij γ0. This explicit
representation of the matrices Γij is not a known result in the DFR literature, in which if
we use these relations, the Dirac equation (30) leads us to DFR Klein-Gordon equation.
The components of Γij = ǫijk Σk can be written in terms of the Pauli matrices as
Σi =

 σi 0
0 σi

 , (34)
which complements the results obtained in [15]. The DFR action for the Dirac fermion is
SDirac(Ψ¯,Ψ) =
∫
d4x d3θW (θ) Ψ¯(x, θ) ⋆
(
i /∂ + i λ
−→
Σ · −→∇θ −m 1l
)
Ψ(x, θ) , (35)
which, using the identity (17) can be reduced to
SDirac(Ψ¯,Ψ) =
∫
d4x d3θW (θ) Ψ¯(x, θ)
(
i /∂ + i λ
−→
Σ · −→∇θ −m 1l
)
Ψ(x, θ) , (36)
which is invariant by symmetry transformations of the Poincare´ DFR algebra [15]. In the
next section we will discuss the gauge symmetries of the DFR Dirac Lagrangian.
In the next section we will investigate the coupling of this current with the gauge fields,
which can be an interesting study of the Yang-Mills model in DFR phase-space. We will
also discuss the gauge symmetries of the DFR Dirac Lagrangian.
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IV. GAUGE SYMMETRY AND THE U⋆(N)× U⋆(N) ACTION
The actions of the complex scalar and Dirac field are invariant under global trans-
formations of the fields. The invariance of the action under this global symmetry gives
rise to conserved charges, indicated by the conservation law (??). We will now discuss in
the invariance of the Dirac action under local transformations. Let us consider the local
gauge transformations for the spinors fields
Ψ(x, θ) 7−→ Ψ′(x, θ) = U(x, θ) ⋆Ψ(x, θ) , (37)
where U(x, θ) is an arbitrary matrix N ×N of the coordinates (x, θ). It must satisfy the
unitarity property
U(x, θ) ⋆ U †(x, θ) = U †(x, θ) ⋆ U(x, θ) = 1lN , (38)
and we can say that U is star-unitary, and 1lN is the identity matrixN×N . The DFR Dirac
Lagrangian is not invariant under the local transformation (59). To obtain such invariance,
we must replace both derivatives ∂µ and λ∂ij by the following covariant derivatives
∂µ 7−→ Dµ ⋆ = ∂µ − i g Aµ ⋆
λ ∂θi 7−→ Dθi ⋆ = λ ∂θi − i g′Bi ⋆ , (39)
and the NC Dirac fermion Lagrangian is
Lfermion−gauge = Ψ¯(x, θ) ⋆
(
i /D ⋆+ i
−→
Σ · −→D θ ⋆−m 1l
)
Ψ(x, θ) . (40)
The first one is the usual covariant derivative with a star-product, while Dθi⋆ is a new
star-covariant derivative associated with the θ-space Consequently, the new field Bi , i =
{1, 2, 3} has three independent components which defines a vector field in the (x+ θ)-
space. This spatial vector field is interpreted like a gauge field associated to compactified
θ-space, that naturally must disappear in the commutative limit, when λ → 0. The
quantum fluctuation of the Bi is so attached to θ-space. The notation Dµ⋆ indicates a
star-product between Aµ and the Dirac spinor, which does also occur within the covariant
derivative Dθi⋆ case. For convenience we have introduced the coupling constants g, and g
′
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associated with the θ-space. To complete such invariance, we must impose the star-gauge
transformations
Aµ(x, θ) 7−→ A′µ(x, θ) = U(x, θ) ⋆ Aµ(x, θ) ⋆ U †(x, θ)−
i
g
(∂µU) ⋆ U
†(x, θ) ,
Bi(x, θ) 7−→ B′i(x, θ) = U(x, θ) ⋆ Bi(x, θ) ⋆ U †(x, θ)−
i
g′
(λ∂θiU) ⋆ U
†(x, θ) . (41)
Note that (38) implies that U † is equal to U−1 with respect to the star-product upon
the deformed algebra of functions on space-time. In general, it is not true for θ 6= 0, in
which U † 6= U−1. An explicit relation between both U † and U−1 can be obtained by the
series of the star product, that can be written as
U † = U−1 +
i
2
θµν U−1 ∂µU U−1 ∂νU U−1 +O(θ2) . (42)
Due to the property (f ⋆ g)† = g† ⋆ f †, the Moyal product f ⋆ g of two unitary matrix
fields is always unitary and the group U⋆(N) is closed under the star-product. The special
unitary group SU(N) does not give rise to any gauge group in the NC space-time, because
in general det(f ⋆g) 6= det(f)⋆det(g), and consequently, det(U ⋆ U †) 6= det(U) ⋆ det(U †),
that is, detU 6= 1.
In the opposite case, relative to the commutative case, U⋆N(1) and SU
⋆(N) are sectors
of the decomposition U⋆(N) = U⋆N(1)×SU⋆(N) do not decouple because the gauge fields
of U⋆N (1) interacts with the gauge fields of SU
⋆(N). We represent the U -function of U⋆(N)
as the ⋆-product
U(x, θ) = e i α(x,θ) 1lN ⋆ e i ω
a(x,θ)Ga , (43)
where α, ωa are arbitrary real functions of (x, θ) associated with the NC Abelian
subgroup U⋆N (1) and with the NC non-Abelian subgroup SU
⋆(N), respectively, and
Ga ( a = 1 , 2 , · · · , N2 − 1 ) are the traceless generators of the Lie algebra of the sub-
group SU⋆(N).
The field Aµ is hermitian gauge field NC of the star unitary group that we denote
by U⋆(N)Aµ , while that the new field Bi is attached to a second symmetry U
⋆(N)Bi , in
accord with the transformation (41). Therefore, the model is constituted by the composite
symmetry U⋆(N)Aµ × U⋆(N)Bi defined in NC space-time scenario.
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These fields can be expanded in terms of the Lie algebra generators of each group
U⋆(N) correspondent, as for example, Aµ = A
0
µ 1lN + A
a
µG
a, and Bi = B
0
i 1lN + B
a
i G
a,
with trN (G
aGb) = δab, a, b = 1, ..., N2 − 1, by obeying the Lie algebra commutation
relation
[
Ga, Gb
]
= ifabcGc, and the anti-commutation algebra
{
Ga, Gb
}
= dabcGc. The
constants fabc and dabc are the structure constants of the Lie algebra. The fields A0µ and
B0i come from the Abelian part of the correspondent group U
⋆(N), while the components
Aaµ and B
a
i are attached to the non-Abelian part of each U
⋆(N). More explicitly, the
symmetry of model is formed by two abelian subgroups and two non-abelian subgroups :
U⋆(N)Aµ × U⋆(N)Bi = U⋆(1)A0µ × SU⋆(N)Aµa × U⋆(1)B0i × SU⋆(N)Bai .
Here, the generators {Ga} live in the adjoint representation of the groups U⋆(N), and trN
denotes the matrix trace.
Notice that in the fermion sector, the spinor field is the column matrix whose com-
ponents are Ψ = (ψ1, ψ2, · · ·, ψN) that live in the fundamental representation of the Lie
algebra. An important issue is that expressions in NC gauge theory involve the enveloping
algebra of the underlying Lie Group.
The components A 0µ and A
a
µ have the infinitesimal gauge transformation from (41)
A′ 0µ = A
0
µ + i
[
α(x, θ) , A0µ
]
⋆
+ g−1∂µα(x, θ) ,
A′ aµ = A
a
µ − [ω(x, θ) , Aµ ]a⋆ + i
[
α(x, θ) , Aaµ
]
⋆
+ i
[
ωa(x, θ) , A0µ
]
⋆
+ g−1∂µωa(x, θ) ,(44)
and for Bi, we have that
B′ 0i = B
0
i + i
[
α(x, θ) , B0i
]
⋆
+ g′−1λ∂θiα(x, θ) ,
B′ ai = B
a
i − [ω(x, θ) , Bi ]a⋆ + i [α(x, θ) , Bai ]⋆ + i
[
ωa(x, θ) , B0i
]
⋆
+ g′−1λ∂θiωa(x, θ) .
(45)
Using the Moyal product properties, the commutator [ω , Aµ ]
a
⋆ is given by the combination
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of the cosine and sine series
[ω(x, θ) , Aµ(x, θ) ]
a
⋆ = f
abc cos
(
θαβ
2
∂α∂
′
β
)
ωb(x, θ)Acµ(x
′, θ)
∣∣∣∣
x′=x
+dabc sin
(
θαβ
2
∂α∂
′
β
)
ωb(x, θ)Acµ(x
′, θ)
∣∣∣∣
x′=x
, (46)
and the analogous to the case of [ω , Bi ]
a
⋆. The simplest commutator
[
α , A 0µ
]
⋆
is just
the trigonometric sine part of (46), with fabc = 0 and dabc = 1, that goes to zero in the
commutative limit.
The Fµν tensor associated with the Aµ field is defined as the star commutation relation
[Dµ , Dν ]⋆ = −i g Fµν , (47)
where
Fµν = ∂µAν − ∂νAµ − i g [Aµ , Aν ]⋆ , (48)
and it has the gauge transformation
Fµν 7−→ F ′µν = U(x, θ) ⋆ Fµν ⋆ U †(x, θ) . (49)
It is easy to verify that the Fµν tensor is Lie algebra valued of U
⋆(N) as Fµν = F
0
µν 1lN +
F aµν G
a, where the components are given by
F 0µν = ∂µA
0
ν − ∂νA0µ − i g
[
A0µ , A
0
ν
]
⋆
,
F aµν = ∂µA
a
ν − ∂νAaµ +
1
2
g fabc
{
Abµ , A
c
ν
}
⋆
−
−i g [A0µ , Aaν ]⋆ − i g [Aaµ , A0ν ]⋆ − i2 g dabc [Abµ , Acν ]⋆ . (50)
These components can be understood as the NC electromagnetic field tensor F 0µν , and
the Yang-Mills tensor F aµν defined in the NC space-time DFR. Analogously, we obtain the
field strength of Bi by calculating the star commutation relation
[Dθi , Dθj ]⋆ = −i g′Gij , (51)
where we obtain
Gij = λ ∂θiBj − λ ∂θjBi − i g′ [Bi , Bj ]⋆ . (52)
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Writing Gij in the basis of U
⋆(N)Bi , the components of Gij are
G0ij = λ ∂θiB
0
j − λ ∂θjB0i − i g′
[
B0i , B
0
j
]
⋆
Gaij = λ ∂θiB
a
j − λ ∂θjBai +
1
2
g′ fabc
{
Bbi , B
c
j
}
⋆
−
−i g′ [B0i , Baj ]⋆ − i g′ [Bai , B0j ]⋆ − i2 g′ dabc [Bbi , Bcj ]⋆ . (53)
It has the anti-symmetric properties Gij = −Gji, and the gauge transformation
Gij 7−→ G ′ij = U(x, θ) ⋆ Gij ⋆ U †(x, θ) . (54)
From (49) and (54), the infinitesimal transformations of the components of Fµν and Gµνρσ
are given by
F 0µν 7−→ F 0 ′µν = F 0µν + i
[
α , F 0µν
]
⋆
,
F aµν 7−→ F a ′µν = F aµν −
1
2
fabc
{
ωb , F cµν
}
⋆
+ i
[
α , F aµν
]
⋆
+
+i
[
ωa , F 0µν
]
⋆
+ i dabc
[
ωb , F cµν
]
⋆
,
G0ij 7−→ G0 ′ij = G0ij + i
[
α , G0ij
]
⋆
,
Gaij 7−→ Ga ′ij = Gaij −
1
2
fabc
{
ωb , Gcij
}
⋆
+ i
[
α , Gaij
]
⋆
+
+i
[
ωa , G0ij
]
⋆
+ i dabc
[
ωb , Gcij
]
⋆
. (55)
Therefore we have a Lagrangian for the gauge fields which is invariant under the trans-
formations (49) and (54)
Lgauge = −1
4
trN (Fµν ⋆ F
µν)− 1
4
trN (Gij ⋆ Gij)− 1
2
trN (Fij ⋆ Gij) . (56)
Analogously, this invariance can be applied to the KG Lagrangian of (28) by substituting
the ordinary derivatives ∂µ and ∂θi, by the covariant derivatives Dµ and Dθi, respectively,
we can write
LKG−gauge = (DµΦ)† ⋆ DµΦ + (DθiΦ)† ⋆ DθiΦ−m2Φ† ⋆ Φ , (57)
where the scalar field Φ represents a multiplet of N complex scalar fields, namely, Φ =
(φ1 , φ2 , · · · , φN ).
The DFR version of a NC quantum electrodynamics (QED) is represented when N = 1.
In this case, the non-abelian subgroup does not contribute for the symmetry, so we make
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Ga = 0, g = eQem, g
′ = e′Qem. The gauge field Aµ, and the antisymmetrical Bij have as
generator the identity matrix, and the symmetry is composite by
U⋆(1)em = U
⋆(1)Aµ × U⋆(1)Bi .
So the element of each group U⋆(1) is given by
V (x, θ) = ei 1lα(x,θ) , (58)
and the symmetry is ruled by the transformations
Ψ 7−→ Ψ′(x, θ) = ei α(x,θ) ⋆Ψ(x, θ) ,
Aµ 7−→ A′µ = V ⋆ Aµ ⋆ V † +
i
e
(∂µV ) ⋆ V
† ,
Bi 7−→ B′i = V ⋆ Bi ⋆ V † +
i
e′
(λ∂θiV ) ⋆ V
† , (59)
where Ψ is a NC spinor of four components, and we have made Qem = −1. The expression
of the electromagnetic tensor, and the field strength of Bi are given by
Fµν = ∂µAν − ∂νAµ + i e [Aµ , Aν ]⋆ ,
Gij = λ ∂θiBj − λ ∂θjBi + i e′ [Bi , Bj ]⋆ , (60)
where we have achieved an invariance property for the DFR Dirac action under the local
transformations (59). To guarantee this invariance we must introduce an anti-symmetric
field Bi in (39), beyond the vector field A
µ. The field Aµ has the first transformation of
(41), while Bi has the second transformation of (41). This new anti-symmetric field is
associated with the θ-space and it must to be attached to those extra-dimensions. The
NC gauge theory obtained here is reduced to the standard case of SU(N) Yang-Mills, and
the usual U(1) QED, in the commutative limit θ = 0, and taking λ = 0 in the Lagrangian
(40), (56) and (57).
In the next section we will discuss the field equations and the currents of the star-
symmetry U⋆(1)Aµ × U⋆(1)Bi in DFR space.
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V. THE DFR ELECTROMAGNETISM
The electromagnetic equations in DFR space-time will be computed in this section.
To accomplish the task, we have the gauge sector which obeys the star gauge symmetry
U⋆(1)Aµ × U⋆(1)Bi discussed in the previous section
Lem⋆ = −1
4
Fµν ⋆ F
µν − 1
4
Gij ⋆ Gij − 1
2
Fij ⋆ Gij , (61)
where the field strength have defined in (60). In the sector of the gauge fields we have nat-
urally the Maxwell Lagrangian in the context of DFR NC. We can define the components
of field strength tensors as
F µν =
(
Ei , ǫijkBk
)
Gij = ǫijkHk , (62)
where Hi is the dual field of Gij, and the Lagrangian more explicitly in terms of these
components is
Lem⋆ = 1
2
(E ⋆ E−B ⋆B)− 1
2
H ⋆H−B ⋆H . (63)
Using the principle of the minimal action associated with respect to Aµ, the Lagrangian
gives us the NC Maxwell’s equations in the presence of a source Jµ = (ρ,J)
∇µ ⋆ F µj + ǫ ijk ∇i ⋆ H k = e J j
∇i ⋆ F i0 = e ρ , (64)
where the covariant derivative ∇µ acting on strength field tensors is defined by
∇µ ⋆ F µν := ∂µF µν − e [Aµ , F µν ]⋆ . (65)
The tensor F µν must obey the Bianchi identity
∇µ ⋆ Fνρ +∇ν ⋆ Fρµ +∇ρ ⋆ Fµν = 0 , (66)
which completes the equations for the NC electromagnetism. The field equations for the
Bij tensor fields are auxiliary equations that emerge exclusively from the NC θ extra-
dimensions
ǫijk∇ jθ ⋆ Hk + ǫijk∇ jθ ⋆ Bk = − e′ J˜ i , (67)
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where the anti-symmetric covariant derivative ∇ij is defined by
ǫijk∇ jθ ⋆ Hk := λ ǫijk ∂ jθH k − e′ ǫ ijk
[
B˜ j , H k
]
⋆
. (68)
The current J µ is the classical source of the NC Electric and Magnetic fields, while the the
dual current J˜k is interpreted as the source of the background field Hk due to the extra-
dimension of the NC space-time. When the NC parameter goes to zero, the new current
J˜ k is automatically zero. From the Eqs. (64) and (67), we can obtain the conservation
law
∇µ ⋆ J µ +∇ kθ ⋆ J˜ k = 0 , (69)
which expresses the electric charge covariant conservation. The equation (64) sets the
Ampre Law of the NC magnetic field Bk, and we have obtained a second Ampre Law for
the background field Hk. Therefore it can be interpreted as a like background magnetic
field emerged of the θ-space. The gauge symmetry permits us to fix a gauge of Coulomb
for the Bi field as
−→∇θ · −→B = 0 . (70)
Backing to the Lagrangian (61) we analyze the interactions that arise due to the NC
space. Thus the interactions between NC photons and the field Bi have vertex of three
and four lines. The vertex of three lines are
γ
γ γ
B
γ γ
γ
B B
in which the correspondent Lagrangian is
L (3)int = −e ∂µAν [Aµ , Aν ]⋆ − λ e ∂θiBj [Ai , Aj ]⋆ − e′ ∂iAj [Bi , Bj ]⋆ . (71)
For the vertex of four lines we have the diagrams and the Lagrangian is
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γ γ
γ γ
B B
B B
γ γ
B B
L (4)int =
e2
4
[Aµ , Aν ]
2
⋆ +
(e′)2
4
[Bi , Bj ]
2
⋆ +
e e′
2
[Ai , Aj ]⋆ [Bi , Bj ]⋆ . (72)
VI. THE MODEL U⋆(3)× U⋆(1)× U⋆(3)× U⋆(1).
As an application of model U⋆(N) × U⋆(N), we investigate the case N = 3, in which
we have the symmetry U⋆(3) × U⋆(1) × U⋆(3) × U⋆(1) as the candidate to unify the
strong interaction to electromagnetism in the DFR NC scenario. Explicitly, the complete
symmetry is represented by the composition
U⋆(3)Aµ × U⋆(1)Xµ × U⋆(3)Bi × U⋆(1)Y i =
= U⋆(1)A0µ × SU⋆(3)Aµa × U⋆(1)Xµ × U⋆(1)B0i × SU⋆(3)Bai × U⋆(1)Y i .
The sector of quarks and leptons of this model is composite by
Lquarks/leptons = q¯u
(
i /D ⋆+ i
−→
Σ · −→D θ ⋆−mu 1l
)
qu
+ q¯d
(
i /D ⋆+ i
−→
Σ · −→D θ ⋆−md 1l
)
qd
+ ℓ¯
(
i /D ⋆+ i
−→
Σ · −→D θ ⋆−mℓ 1l
)
ℓ , (73)
where the components of covariant derivatives that act on quarks and leptons spinors are
defined by
Dµ ⋆ q := ∂µ q + i g1Aµ ⋆ q − i g′1X q ⋆ Xµ
Dθi ⋆ q := λ ∂θi q + i g2Bi ⋆ q − i g′2 Y q ⋆ Yi
Dµ ⋆ ℓ := ∂µ ℓ− i g′1X ℓ ⋆ Xµ
Dθi ⋆ ℓ := λ ∂θi ℓ− i g′2 Y ℓ ⋆ Yi , (74)
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in which Aµ and Bi are Lie group valued of U⋆(3) as
Aµ = 1lA0µ +
λa
2
Aµ a
Bi = 1lB0i +
λa
2
Bi a . (75)
The Gellman matrices {λa
2
} satisfy the Lie algebra of subgroup SU⋆(3)[
λa
2
,
λb
2
]
= i fabc
λc
2
, (76)
where tr
(
λa λb
)
= 2 δab.
The quarks { qu , qd } are triplets that transform in the fundamental representation of
U⋆(3), and in the anti-fundamental representation of U⋆(1) in accord with
qu =
(
qu1 qu2 qu3
)t
7−→ q′u = U ⋆ qu ⋆ V −1 ,
qd =
(
qd1 qd2 qd3
)t
7−→ q′d = U ⋆ qd ⋆ V −1 , (77)
where U is the element of U⋆(3), and V is the element of U⋆(1). Under the symmetry
U⋆(3), the gauge fields have the transformations like (41). The transformation of leptons
ℓ = { e , µ , τ } is in the anti-fundamental representation with respect to Abelian groups
U⋆(1)
ℓ 7−→ ℓ ′ = ℓ ⋆ V −1 , (78)
and the gauge transformations of vector fields are
Aµ 7−→ A′µ = U ⋆ Aµ ⋆ U−1 +
i
g1
(∂µU) ⋆ U
−1 ,
Bi 7−→ B′i = U ⋆ Bi ⋆ U−1 +
i
g2
(λ∂θiU) ⋆ U
−1 ,
Xµ 7−→ X ′µ = V ⋆ Xµ ⋆ V −1 +
i
g′1X
(∂µV ) ⋆ V
−1 ,
Yi 7−→ Y ′i = V ⋆ Yi ⋆ V −1 +
i
g′2 Y
(λ ∂θiV ) ⋆ V
−1 , (79)
Therefore, the transformations of covariant derivatives under U⋆(3) and U⋆(1) are
Dµ ⋆ q 7−→ (Dµ ⋆ q)′ = U ⋆ (Dµ ⋆ q) ⋆ V −1
Dθi ⋆ q 7−→ (Dθi ⋆ q)′ = U ⋆ (Dθi ⋆ q) ⋆ V −1
Dµ ⋆ ℓ 7−→ (Dµ ⋆ ℓ)′ = (Dµ ⋆ ℓ) ⋆ V −1
Dθi ⋆ ℓ 7−→ (Dθi ⋆ ℓ)′ = (Dθi ⋆ ℓ) ⋆ V −1 . (80)
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With all these transformations we get the symmetry of the action associated to the La-
grangian (73).
The sector of gauge fields is formed by eight vector fields Aµa (a = 1, 2, · · · , 8), one
abelian NC Aµ0, eight antisymmetrical fields Bi a, and one antisymmetrical abelian field
Bi 0, both due to extra-dimension of the NC space. The field strength tensors are defined
by the calculation of the commutators involving the covariant derivatives of (74)
[Dµ , Dµ ] = i g1 Fµν − i g ′1Xµν 1l (81)
and
[Dθi , Dθj ] = i g2Bij − i g ′2 Yij 1l , (82)
where it components are given by
F 0µν = ∂µA
0
ν − ∂νA 0µ + i g1
[
A 0µ , A
0
ν
]
⋆
− i g ′1X
[
A 0µ , Xν
]
⋆
− i g ′1X
[
Xµ , A
0
ν
]
⋆
+
i g1
4
[
A aµ , A
a
ν
]
⋆
F aµν = ∂µA
a
ν − ∂νA aµ +
1
2
g1 f
abc
{
A bµ , A
c
ν
}
⋆
+ i g1
[
A aµ , A
0
ν
]
⋆
+ i g1
[
A 0µ , A
a
ν
]
⋆
− i g ′1X
[
A aµ , Xν
]
⋆
− i g ′1X [Xµ , A aν ]⋆
Xµν = ∂µXν − ∂νXµ − i g′1X [Xµ, Xν ]⋆ (83)
and
G 0ij = λ ∂θiB
0
j − λ ∂θjB 0i + i g2
[
B 0i , B
0
j
]
⋆
− i g ′2 Y
[
B 0i , Yj
]
⋆
− i g ′2 Y
[
Yi , B
0
j
]
⋆
+
i g2
4
[
B ai , B
a
j
]
⋆
G aij = λ ∂θiB
a
i − λ ∂θjB aj +
1
2
g2 f
abc
{
B bi , B
c
j
}
⋆
+ i g2
[
B 0i , B
a
j
]
⋆
− i g ′2 Y [B ai , Yj ]⋆ − i g ′2 Y
[
Yi , B
a
j
]
⋆
Yij = λ ∂θiYj − λ ∂θjYi − i g′2 Y [ Yi , Yj ]⋆ . (84)
Thus the transformations of field strengths are
Xµν 7−→ X ′µν = V ⋆ Xµν ⋆ V −1 ,
Yij 7−→ Y ′ij = V ⋆ Yij ⋆ V −1 . (85)
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Using the construction of the section V , we have the Lagrangian
Lgauge = −1
2
tr (Fµν ⋆ F
µν)− 1
2
tr (Gij ⋆ Gij)− tr (Fij ⋆ Gij)
−1
4
Xµν ⋆ X
µν − 1
4
Yij ⋆ Yij − 1
2
Xij ⋆ Yij . (86)
The symmetry proposed here is the simplest structure of group for the strong inter-
action unified to electromagnetic interaction in the scenario DFR NC in D = 4 + 3. We
will introduce two Higgs sectors to reduce the symmetry, and so, we identify the final
symmetry of unification SU⋆c (3)× U⋆em(1).
VII. THE SECTOR OF HIGGS FOR THE MODEL U⋆(3)× U⋆(1)× U⋆(3)× U⋆(1).
In the previous section we have constructed a model for strong interaction based on
the Yang-Mills symmetry DFR NC. The structure of group is composite by U⋆(1)Aµ 0 ×
SU⋆(3)Aµa ×U⋆(1)Xµ ×U⋆(1)B 0i ×SU⋆(3)B ai ×U⋆(1)Yi, with two Abelian subgroups. We
will use two Higgs sectors to eliminate the residual symmetries to search the the final
symmetry of model, that is,
U⋆(1)Aµ 0 × SU⋆(3)Aµa × U⋆(1)Xµ × U⋆(1)B 0i × SU⋆(3)B ai × U⋆(1)Yi
〈Φ〉7−→ SU⋆c (3)× U⋆em(1).
We are going to introduce a second Higgs sector Φ in order to break the symmetry
SU(3)B ai . We write the Lagrangian of the second Higgs-Φ as the sum of the scalar sector
and the Yukawa Lagrangian, that is,
LHiggs = (DµΦ)† ⋆ DµΦ + (DθiΦ)† ⋆ DθiΦ− µ2
(
Φ† ⋆ Φ
)− gh (Φ† ⋆ Φ)2 . (87)
where µ and gh are real parameters. The covariant derivative Dµ acts on Φ coupling it to
the NC Abelian gauge fields
DµΦ = ∂µ Φ + i g1A
0
µ ⋆ Φ− i g′1XΦΦ ⋆ Xµ , (88)
while that in the sector of antisymmetrical fields, we have
DθiΦ = λ ∂θiΦ + i g2B
0
i ⋆ Φ + i g2B
a
i
λa
2
⋆ Φ− i g′2 YΦΦ ⋆ Yj . (89)
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Thus the field Φ is a complex scalar triplet that has the gauge transformation under mixed
Abelian groups given by
Φ =


φ1
φ2
φ3

 7−→ Φ′ = V1 ⋆ Φ ⋆ V −1 , (90)
where V1 is the element of the subgroup U
⋆(1)Aµ 0 , and the transformation of Φ with
respect to U⋆(3)Bi × U⋆(1)Yi is
Φ 7−→ Φ′ = U ⋆ Φ ⋆ V −1 . (91)
The reader can check that the covariant derivatives have the similar transformations
DµΦ 7−→ (DµΦ)′ = V1 ⋆ (DµΦ) ⋆ V −1 ,
DθiΦ 7−→ (DθiΦ)′ = U ⋆ (DθiΦ) ⋆ V −1 . (92)
The minimal value of the previous Higgs potential can be obtained by the non-trivial
vacuum expected value (VEV) of the scalar that keeps the translational invariance in the
space x+ θ, where we can choose it as the triplet of the constant VEV
〈Φ〉0 =


0
0
v√
2

 , (93)
where v is the non-trivial vacuum expectation value (VEV) of the Higgs field Φ, defined
by v :=
√
−µ2/gh, when µ2 < 0. We choose the parametrization of the Φ-complex field
as
Φ(x, θ) =
(v +H)√
2
⋆ ei
λa
2
χa
v


0
0
1

 , (94)
where χa and H are real functions of (x, θ). This VEV defines a scale concerning the
breaking of the residual symmetry in which the NC Abelian gauge field acquires a mass
term. Since we have interested in the mass spectrum for the NC bosons, we choose the
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unitary gauge condition in which χa = 0 by simplicity. So the free part of the Lagrangian
is given by
LHiggs−0 = 1
2
(∂µH)
2 +
λ2
2
(∂θiH)
2 − 1
2
(−2µ2)H2 + g22 v2
4
(B ai )
2
+
v2
2
(
g1A
0
µ − g′1XΦXµ
)2
+
v2
2
(
g2B
0
i − g′2 YΦ Y 0i
)2
, (95)
where we have used the identity of the Moyal product (17). In this expression we have
obtained the Higgs H-field Lagrangian with propagation along the θ-space, and a mass
of mH =
√
2 gh v2.
We observe the emergence of a mass term for the eight vector fields B ai identified by
mB ai =
g2 v√
2
. (96)
In this stage, we meet all propagation terms after the gauge sector acquires VEV
Lgauge−0 = −1
4
(
∂µA
0
ν − ∂νA 0µ
)2 − 1
4
(∂µXν − ∂νXµ)2
−1
2
(
∂µA
0
ν − ∂νA 0µ
)
(∂µXν − ∂νXµ)
+
v2
2
(
g1A
0
µ − g′1XΦXµ
)2
+
v2
2
(
g2B
0
i − g′2 YΦ Y 0i
)2
(97)
The others mixed terms in (95) motivate us to introduce the orthogonal transformations
A 0µ = cosαGµ + sinαAµ
Xµ = − sinαGµ + cosαAµ , (98)
and
B 0i = cos β Ci + sin β Bi
Yi = − sin β Ci + cos β Bi , (99)
where α and β are the mixing angles, and it satisfy the conditions
tanα =
g′1
g1
and tanβ =
g′2
g2
. (100)
Here we have used for convenience that XΦ = YΦ = 1. Thus the Lagrangian (95) can be
written as
LHiggs−0 = 1
2
(∂µH)
2 +
λ2
2
(∂θiH)
2 − 1
2
m2H H
2 +
1
2
m2B ai (B
a
i )
2 +
1
2
m2GG
2
µ +
1
2
m2C C
2
i ,
(101)
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where the mass of Gµ is given by the expression
mG = v
√
g 21 + g
′ 2
1 =
g1 v
cosα
, (102)
while the mass of Ci is given by
mC = v
√
g 22 + g
′ 2
2 =
g2 v
cos β
. (103)
Finally, we can meet all the terms of the gauge sector after the SSB :
Lgauge−0 = −1
4
(
∂µA
a
ν − ∂νA aµ
)2 − 1
4
(∂µAν − ∂νAµ)2
−λ
2
4
(∂θiBj − ∂θjBi)2
−λ
2
4
(
∂θiB
a
j − ∂θjB ai
)2
+
1
2
m2B ai (B
a
i )
2
−1
4
(∂µGν − ∂νGµ)2 + 1
2
m 2GG
2
µ
−λ
2
4
(∂θiCj − ∂θjCi)2 + 1
2
m 2C C
2
i
+mixing terms between gauge boson fields , (104)
where in this expression only the gauge fields Aµa, Bi and A
µ are massless. Here we
have eight NC massless gluons Aµ a ( a = 1 , 2 , . . . , 8 ), the massless NC photon Aµ and
it correspondent Bi of the extra symmetry U⋆(1)Bi that remains in the model after the
SSB. After this SSB, we will obtain a remaining symmetry such as
U⋆(1)Aµ0 × SU⋆(3)Aµa × U⋆(1)Xµ × U⋆(1)B 0i × SU⋆(3)B ai × U⋆(1)Yi
〈Φ〉7−→
SU⋆(3)Aµa × U⋆(1)Aµ × U⋆(1)Bi = SU⋆c (3)× U⋆(1)em .
In order to obtain a numerical value for the masses of Gµ, B ai and Ci in terms of the
electromagnetic interaction and the mixing angles, we need to analyze the interactions
between gauge bosons, quarks and leptons, and self-interactions of the gauge bosons. This
issue will be discussed in the next section.
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VIII. INTERACTIONS AND NUMERICAL MASSES OF THE NEW BOSONS
The interactions between leptons-quarks and the gauge vector bosons are given by
L intquarks/leptons−gauge = ℓ¯ ⋆ ( g′1Xℓ /X ) ⋆ ℓ+ ℓ¯ ⋆ γµ
[
ℓ , g′1 Xµ
]
⋆
−Ψ¯ ⋆
(
g1 /A
0 − g′1XΨ /X
)
⋆Ψ+ Ψ¯ ⋆ γµ
[
Ψ , g′1XΨ Xµ
]
⋆
, (105)
where Ψ sets any quark of the model, that is, Ψ = (qu , qd ). Using (98), the previous
expression can be written in terms of the fields Gµ and Aµ to show us the emergence of
the electromagnetic interaction
L intquarks/leptons−gauge = ( g′1 cosαXℓ ) ℓ¯ ⋆ /A ⋆ ℓ+ ( g′1 cosαXℓ ) ℓ¯ ⋆ γµ
[
ℓ , Aµ
]
⋆
− ( g′1 sinαXℓ ) ℓ¯ ⋆ /G ⋆ ℓ− ( g′1 sinαXℓ ) ℓ¯ ⋆ γµ
[
ℓ , Gµ
]
⋆
− ( g1 sinα−XΨ g′1 cosα ) Ψ¯ ⋆ /A ⋆Ψ
+g′1 cosαXΨ Ψ¯ ⋆ γ
µ
[
Ψ , Aµ
]
⋆
− ( g1 cosα+XΨ g′1 sinα ) Ψ¯ ⋆ /G ⋆Ψ
−g′1 sinαXΨ Ψ¯ ⋆ γµ
[
Ψ , Gµ
]
⋆
. (106)
The coupling constant is identified as the electric charge in the interaction lepton-photon
by means the parametrization
e = g1 sinα = g
′
1 cosα , (107)
thus the generator Xℓ is the leptons electric charge, Xℓ = Qem = −1. The electric charge
of quarks is so by the relation
Qquarks = 1−Xquarks , (108)
in which we known the charges Qu = 2/3 and Qd = −1/3 for up and down quarks,
respectively. Thereby, we can easily determinate the primordial generators as Xu = +1/3
and Xd = +4/3.
Thereby the interactions leptons/quarks with abelian gauge bosons are given by
L intleptons−gauge = − e ℓ¯ ⋆ /A ⋆ ℓ− e ℓ¯ ⋆ γµ
[
ℓ , Aµ
]
⋆
+ e tanα ℓ¯ ⋆ /G ⋆ ℓ + e tanα ℓ¯ ⋆ γµ
[
ℓ , Gµ
]
⋆
, (109)
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and
L intquarks−gauge = −
2e
3
q¯u ⋆ /A ⋆ qu +
e
3
q¯u ⋆ γ
µ
[
qu , Aµ
]
⋆
− e cotα
(
1 +
1
3
tan2 α
)
q¯u ⋆ /G ⋆ qu
− e
3
tanα q¯u ⋆ γ
µ
[
qu , Gµ
]
⋆
+
e
3
q¯d ⋆ /A ⋆ qd +
4e
3
q¯d ⋆ γ
µ
[
qd , Aµ
]
⋆
− e cotα
(
1 +
4
3
tan2 α
)
q¯d ⋆ /G ⋆ qd
− 4e
3
tanα q¯d ⋆ γ
µ
[
qd , Gµ
]
⋆
. (110)
The interaction of the non-abelian sector SU⋆(3) has analogous structure of the com-
mutative case SU(3)c
LintSU⋆(3) = −g1 Ψ¯ ⋆ γµA aµ
λa
2
⋆Ψ− g1 fabc ∂µA aν
[
Aµ b , Aν c
]
⋆
−g
2
1
2
fabc fade
[
A bµ , A
c
ν
]
⋆
[
Aµ d , Aν e
]
⋆
, (111)
that in the commutative limit, it reduces immediately to the case of QCD. Therefore, g1
is identified as the constant coupling of the sector of QCD in the model SU⋆(3)×U⋆(1)em.
It must gain some contribution of the NC scale in the programme of renormalization of
the model. So we use the experimental value of the fine structure constant [31]
αs =
g 21
4π
= 0.303 ± 0.009 , (112)
to estimate the mixing angle α as sinα ≃ 0.15, and the other coupling constant is g′1 ≃
0.30. Therefore, the mass of the boson Gµ is written in terms of scale VEV as
mG =
e v
sinα cosα
≃ 2 v . (113)
Thereby, the mass of the boson Gµ divided by two defines the VEV scale of this SSB.
This relation can be used to fix the VEV-scale since we know a estimative for Gµ - mass.
To get it we use the mass of Gµ boson so obtained in the NC electroweak model [20]
mGµ = 770 GeV , (114)
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so the v-scale is given by
v = 385 GeV . (115)
To determinate the mixing angle β of the extra-fields sector we must analyze the
strength field tensors of Ci and Bi. Using the orthogonal transformation (99), the tensors
are consistent if we impose the following condition
g ′2 sin β = g2 cos β , (116)
where we have adopted for convenience Y = +1. Thus the second expression in (100)
fixes the mixing angle β at tanβ = 1, that is, the physical solution is β = 450, and
consequently, g2 = g
′
2. The constant coupling g2 is obtained by analyzing the interactions
photon-photon with the Bi - field from (99) :
γ γ
Bi Bj L intγγ−BB = −12
(
g1 g2 sin
2 α sin2 β + g′1 g
′
2 cos
2 α cos2 β
)
[Ai , Aj ]⋆ [Bi , Bj ]⋆
Comparing it with the interaction (72), the coupling gives us the relation
g2 = g
′
2 =
2 e′
sinα+ cosα
≃ 1.77 e′ . (117)
We meet the masses of B ai and Ci - bosons in terms of the parameters e
′ and v
mB ai ≃ 1.25 e′ v
mC ≃ 2.5 e′ v , (118)
and as consequence, we obtain the relation mC = 2 mB ai . To estimate the mass mC , we
interpret the bosons B ai as possible massive gluons whose the origin must be associated
with glueballs [32]. Thus the non-commutative model contains bosons family extended in
that massive gluons would emerge in the extra θ-space. The spectrum of gluonium bound
states gg is in the mass range 1.5 − 1.7GeV, so if we use it as a mass range for the NC
boson B ai , the mass of Ci is estimated as
mC = 3− 3.5 GeV . (119)
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Using the VEV result, the new coupling constant of the NC scenario is e′ = 0.003, and it
correspondent fine structure constant is
αe′ =
e′ 2
4π
≃ 7.16 × 10−7 . (120)
IX. CONCLUSIONS AND PERSPECTIVES
In this work we believe that some new steps were provided in order to fathom the
DFR formalism which is considered in the NC literature as a possible path to quantum
gravity. Keeping all these quantum ideas in mind, we have considered gauge Abelian and
non-Abelian fields using the recent DFR framework where the parameter that carries the
noncommutative feature, θµν = ( 0 , θij ), in that we make θ0i = 0, represents independent
degrees of freedom completing the DFR D = 7 extended DFR space, where the phase-
space has the momentum Kij associated with θij.
In this way we have started with a first quantized formalism, where θij = ǫijk θk
and its canonical momentum Kij = ǫijkKk are operators living in an extended Hilbert
space. This structure, which is compatible with the minimal canonical extension of the
so-called DFR algebra, is also invariant under an extended Poincare´ group of symmetry,
but keeping, among others, the usual Casimir invariant operators. After that, in a second
quantized formalism scenario, we have succeed in presenting an explicit form for the
extended Poincare´ generators and the same algebra of the first quantized description has
been generated via generalized Heisenberg relations. This is a fundamental point because
the usual Casimir operators for the Poincare´ group are proven to be kept and to maintain
the usual classification scheme for the elementary particles.
After that, in order to complete the DFR fermionic formalism given in [16] we have
constructed the Gamma matrices, its algebra and the DFR Dirac equation were also
analyzed. These results set the stage to discuss the gauge invariance subject in DFR
scenario where ⋆-covariant derivatives were used in order to construct the local DFR gauge
transformations. These ones allow us to construct DFR gauge invariant Lagrangians for
the DFR versions of the QED and Yang-Mills models. The DFR NC conjecture has
revealed the existence of an extra gauge field, beyond the NC vector gauge field, to
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maintain the gauge invariance in the θ-space. This new gauge field is due necessarily to
DFR noncommutativity. It is easy to see that in the commutative limit, any influence of
this gauge field in the model goes to zero. The gauge symmetry is based on the composite
group U⋆(N)×U⋆(N) , in which the extra U⋆(N) is due to new NC gauge field. We have
seen that the NC electromagnetism came out naturally from these DFR version by the
symmetry U⋆em(1) = U
⋆(1)×U⋆(1). Since the gauge invariance is consistent, it guarantees
the renomalizability and unitarity of the model. It must be investigated in another paper.
After that, as an application of the DFR composite symmetry model, we have con-
structed a Strong Interaction Model which is unified to electromagnetism theory based on
the symmetry U⋆(3)× U⋆(1)× U⋆(3)× U⋆(1). The Higgs sector has been introduced to
reduce this symmetry to SU⋆c (3)×U⋆em(1), and as consequence, some bosons of the model
have acquired mass through a scheme of spontaneous symmetry breaking. With the help
of some results of both Strong interaction and Electroweak model. We have estimated
these masses and also the constant coupling extremely weak associated with the DFR NC
new gauge bosons.
A study of the quantum aspects of this new field will motivate our research in the future.
We have also obtained some quantum aspects of the Yang-Mills model which opens the
possibility to investigate its quantization. The study of the divergences can reveal the
possiblity of the non existence of the ultraviolet/infrared mixing in DFR Yang-Mills model
in the way we know. It would simplify the renormalization procedure of the model. We
can ask what is the influence of this NC scenario in the functions of the Renormalization
group. The issue about the asymptotic freedom deserves to be investigated with more
details. It is an ongoing research.
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